














“Applied analysis based upon the
theory of nonlinear integrable systems” . $[1, 2]$
, .
.
1 ) Riemann-Hilbert ( [3])
2) ( [2])
3) ( ) ( [1])
4) 2 ( [1])
5) Karmarkar ( [2])





. $1$ ) $\sim 6$ ) 7), 8) ,
,
,




2. , 5) [2] ,
6) , 7) . 8)
.
( )
$n$ $x_{1},$ $\cdots,$ $x_{n}$
, $z$ [4],
$0\leq x_{i}\leq 1$ , $0\leq z\leq 1$ . , $s_{1},$ $\cdots,$ $s_{n}$
,
$z=f(2s_{i}x_{i}-h)$
$h$ , $f$ $[0,1]$ $==-$ $J^{\backslash }\emptyset$ $\not\in\doteqdot\overline{\tau}^{y\triangleright}$
.
, ,
( si) . ,
$n\approx O(10^{2\sim 4})$ , , $x_{1}$ , si, $z$ ,
.
$s_{i}$ Hebb (1949) .
( $z$ : ) , $Xj$
$Sj$ . , $t$ , $\gamma>0$
, $s_{j}$
$\dot{s}_{j}(t)=\gamma z(t)x_{j}(t)$ (1)










$\dot{s}_{j}(t)=-\gamma z^{2}(t)s_{j}(t)+\gamma z(t)x_{j}(t)$ , $z(t)= \sum_{i=1}^{n}s_{i}(t)x_{i}(t)$ (2)
. , [4, p.115], $Sj$ ,
$s_{j}$ . (2) , $z$
2 .
. , , 3
. $S(t)=(s_{1}, \cdots, s_{n})^{T},$ $X(t)=(x_{1}, \cdots, x_{n})^{T}$
(2)
$\dot{S}(t)=-\gamma(S^{T}XX^{T}S)S+\gamma XX^{T}S$ (3)
. $S$ , $X$ . , $S$
$X$ , $E$
$E[X^{T}S]=E[X^{T}]E[S]$ (4)








$C=($ $c0^{1}$ $c0_{n})=\gamma GE[XX^{T}]G^{T}$ (6)
.







. $r_{j}(0)=0$ $r_{j}(t)=0$ . ,
$( \sum r_{J^{2}})=2\sum c_{k}r_{k^{2}}(1-\sum r_{J^{2}})$ (11)
$\sum r_{j^{2}}(0)=1$ , $t$
$|R|^{2}= \sum_{j=1}^{n}r_{j^{2}}(t)=1$ . (12)
(10) 1 . (7) $\sum E[s_{j}]^{2}=1$ $Oja[6]$
( ) .
(10)
$V(r, c)=- \frac{\sum c_{k}r_{k^{2}}}{2\sum r_{j^{2}}}$ (13)
( ) $\dot{\Gamma}j=-\partial V/\partial r_{J}$ $\sum r_{j^{2}}=1$
. , $V(r, c)$ (10) [4, p.119]
. , . , (13)
(10) Cauchy-Schwarz
$\dot{V}=-\frac{\Sigma r_{j^{2}}\Sigma c_{k^{2}}r_{k^{2}}-(\Sigma c_{k}r_{k^{2}})^{2}}{(\Sigma r_{j^{2}})^{2}}\leq 0$. (14)
, $h$ $r_{J^{2}}=hc_{j^{2}}r_{j^{2}},$ $j=1,$ $\cdots,$ $n$ . , $c_{n}$
1 ,
$R=(0, \cdots,0, \pm 1)^{T}$ , $h=$ (15)
.
5(10) . $A$ , $B$ AB–BA $[A, B]$ .
$\dot{L}=[B, L]$ Lax
. $L$ , $B$ .
. (10) 2 Lax ,
$\dot{L}=[[\frac{1}{2}C, L],$ $L]$ , $L=RR^{T}=(\begin{array}{llll}r_{1^{2}} r_{1}r_{2} r_{1}r_{n}r_{1}r_{2} r_{2^{2}} \vdots\vdots \ddots \vdots r_{1}r_{n} r_{n^{2}}\end{array})$ . (16)
$L$ $0$ 1. , Lax $tr(L^{k}),$ $k=1,2,$ $\cdots,$ $n$
1 . , $tr(L^{2})$ Hamilton . , $L^{k}=L$
, $trL=\sum r_{j^{2}}=1$ 1 . Hamilton
. , (10) Hamilton
. $r_{j}(0)=0$ $r_{j}(t)=0$ , $\{r_{j}(0)\}$ $R^{n}$
$\{x_{j}|\Sigma_{j}^{n_{=1}}x_{j}=1, x_{j}\geq 0\}$ , ,
$x_{j}(t)=r_{i^{2}}(t)$ . (17)
, (10) $R^{n}\oplus R_{+}^{n}$
$\dot{x}_{j}=-2x_{j}\sum_{k=1}^{n}c_{k}x_{k}+2c_{j}x_{j}$ , $\dot{c}_{j}=0$ (18)
. , $R+=\{y\in R|y>0\}$ .
, $R^{n}\oplus R_{+}^{n}$ 2
$\omega=-\sum_{i=1}^{n}\frac{dc_{i}\wedge dx_{i}}{x_{i}}$ (19)
. Poisson
$\{f, g\}=\sum_{i=1}^{n}x_{i}(\frac{\partial f}{\partial x}\frac{\partial g}{\partial q}-\frac{\partial g}{\partial x_{i}}\frac{\partial f}{\partial c_{i}}I\cdot$ (20)
$R^{n}\oplus R_{+}^{n}$ Hamilton $H_{0}=\Sigma c_{k^{2}}$ . $\dot{C}j=\{c_{j}, H_{0}\}=0$ ,
$\dot{X}j=\{x_{j}, H_{0}\}=2x_{j}c_{j}$ . , $\ddot{x}_{i}=4$ci $2_{X;}$ ( ) . $c_{0}$
$\phi_{1}=\Sigma x;-1,$ $\phi_{2}=\Sigma c_{i}-c_{0}$ . , $\{\phi_{1}, \phi_{2}\}=\phi_{1}+1,$ $\{\phi_{1}, H_{0}\}=2\Sigma c_{i}x_{i}$ ,
6$\{\phi_{2}, H_{0}\}=0$ . Hamilton $H_{0}$ $2n-2$ $M=\{(c, x)\in R^{n}\oplus R_{+}^{n}|\phi_{1}=$
$0,$ $\phi_{2}=0$ } , $H_{0}=H+\alpha_{1}\phi_{1}+\alpha_{2}\phi_{2}$ . , $\alpha_{j}$ $\{\phi_{j}, H\}=0$
. , $\alpha_{1}=0,$ $\alpha_{2}=2\sum$ cixi. ,
$H= \sum_{k=1}^{n}c_{k^{2}}-2\sum_{j=1}^{n}c_{j^{X}j}(\sum_{k=1}^{n}c_{k}-c_{0})$ (21)
Hamilton 1 $n-1$ .
$\dot{x}_{j}$ $=$ $\{x_{j}, H\}=-2x_{j}\sum_{k=1}^{n}c_{k}x_{k}+2c_{j}x_{j}-2x_{j^{2}}(\sum_{k=1}^{n}c_{k}-c_{0})$ , (22)
$j$
$=$ $\{c_{j}, H\}=-2c_{j^{X}j}(\sum_{k=1}^{n}c_{k}-c_{0})$ (23)
, $\Sigma c_{j}(0)=c_{0}$ , $\Sigma x_{j}(0)=1$ (18) .
, (10)
Hamilton .





$\dot{a}_{k}=a_{k}(b_{k+1}-b_{k})$ , $\dot{b}_{k}=2(a_{k^{2}}-a_{k-1^{2}})$ , (24)
$k=1,$ $\cdots,$ $n$ . ,
$a_{0}=0$ , $a_{n}=0$ , $a_{j}(t)>0$ for $j=1,$ $\cdots,$ $n-1$ (25)
. $a_{k},$ $b_{k}$ ,
Hamilton
$H_{TL}=4 \sum_{k=1}^{n-1}a_{k^{2}}+2\sum_{k=1}^{n}b_{k}^{2}$ (26)
7. , (24) Lax
$\dot{M}=[M_{U}-M_{U}^{T},$ $M]$ , $M=(\begin{array}{llll}b_{1} a_{1} 0a_{1} b_{2} \ddots \ddots \ddots a_{n-1}0 a_{n-1} b_{n}\end{array})$ (27)
. , $M_{U}$ $M$ 3 . Moser[7] (24)
$\lambda$
$f(\lambda;t)=e_{n^{T}}(\lambda I-M)^{-1}e_{n}$ , $e_{n}=(\begin{array}{l}0\vdots 01\end{array})$ (28)
. $M$ (25) $f(\lambda;t)$
$f( \lambda;t)=\sum_{j=1}^{n}\frac{r_{j^{2}}(t)}{\lambda-\lambda_{j}}$ , $\lambda_{1}>\lambda_{2}>\cdots>\lambda_{n}$ , $\sum_{j=1}^{n}r_{j^{2}}=1$ (29)
. $M$ $\lambda_{j}$ .
, $\lambda_{j}$ $t$ . $f(\lambda;t)$ $t$ (24)
$\dot{r}_{j}=r_{j}\sum_{k=1}^{n}\lambda_{k}r_{k^{2}}-\lambda_{j}r_{j}$ (30)
. $\lambda_{j}arrow-c_{j}$ , $c_{i}\neq c_{j}$ (10) , cf. (7).
Moser (30) Hamilton
[7], [8] . , $t$
[7].
, Hebb
(2) , , Moser
(10) . ,
Hamilton . , 1
.






. [9] . , [10] ,
.
, [9] .
$p(x, \theta)$ . $x$
. $\theta=(\theta^{1}, \cdots, \theta^{k})$ , $k$
. $S=\{\theta|p(x, \theta)\}$ . , ( $x$
1 ) Gauss .
$p(x, \theta)=\frac{1}{\sqrt{2\pi}\sigma}\exp(-\frac{(x-\mu)^{2}}{2\sigma^{2}})$ , $x\in R$ (31)
. , $\theta$ $\theta=(\mu, \sigma)$ , 2 $S$ $S=\{(\mu, \sigma)|\mu\in R,$ $\sigma>$
$0\}$ . $S$ ( ) , $\sigma$ $\mu$
$\sigma$ . $S$
Euclid
. $p(x, \theta)$ $E[]$ , $x$
support $p(x, \theta)>0$ , $\ell=\log p(x, \theta)$
. ,
$<\partial_{i},$ $\partial_{j}>=E[\partial_{i}\ell\cdot\partial_{j}\ell]$ (32)
Fisher , , $\partial_{i}=\partial/\partial\theta^{i}$ . Rao(1945) $S$ $gij(\theta)$
$=<\partial_{i},$ $\partial_{j}>$ , Chentsov(1972) (Fisher ) $x$
$xarrow x’=h(x)$ .
, $S$ s $g_{ij}(\theta)$ Riemann
$k$ Riemann . Gauss $\theta$
$gij(\theta)$ Poincar\’e , $S$ .
9, Riemann $(S, g)$ Levi-Civita
$\Gamma_{1jk}=\frac{1}{2}(\partial_{ig_{jk}}+\partial_{jg_{ik}-\partial_{kg_{ij})}}$ (33)
. $\theta$ $\partial_{i}\ell$ . $\partial_{i}l(\theta)$ $\theta$
$T_{\theta}$ , $E$ $\partial_{:}$ $E[\partial;\ell]=0$ . $\partial_{i}\ell(\theta+$
$d\theta)$ $T_{\theta}$ , Levi-Civita , $\alpha$
$\Gamma_{ijk}^{\langle\alpha)}=\Gamma_{1jk}-\frac{\alpha}{2}T_{1jk}$ , $T_{ijk}=E[\partial_{1}l\cdot\partial_{j}l\cdot\partial_{k}l]$ (34)
. affine 1- $\alpha$- . $\alpha=0$
Levi-Civita . $\alpha=\pm 1$ , , ,
$\nabla$
- , $\nabla^{*}$ - . , $\alpha$-
$\alpha$ . , Riemann-Christoffel $\alpha$-
$R_{ijkm}^{(\alpha)}=(\partial_{i}\Gamma_{jk}^{(\alpha)n}-\partial_{j}\Gamma_{ik}^{(\alpha)n})g_{nm}+(\Gamma_{inm}^{(\alpha)}\Gamma_{jk}^{(\alpha)n}-\Gamma_{jnm}^{(\alpha)}\Gamma_{ik}^{(\alpha)n})$ (35)
. Einstein . $S$ $R^{t_{jkm}^{\alpha)}}(\theta)=0$
$S$ $\alpha$- . $\Gamma_{jkm}^{\langle\alpha)}(\theta)=0$ $\alpha$-affine $\theta$ . Gauss
$R_{1212}^{(\alpha)}=(1-\alpha^{2})/\sigma^{4}$ ,
$\kappa=-(1-\alpha^{2})/2$ . $\alpha=\pm 1$ . $\theta=(\mu/\sigma^{2}, -1/(2\sigma^{2})$ ,
$\theta’=(\mu, \mu^{2}+\sigma^{2})$ , , l-affine, $-1-$ affine . , -l-affine
$\eta=(\eta_{1}, \cdots, \eta_{k})$ , $\partial^{j}=\partial/\partial\eta_{j}$ . , $<\partial;,$ $\partial^{;}>=\delta_{i^{j}}$
, $(\theta, \eta)$ . , $\partial_{i}=g_{ij}\partial^{j}$ . $\alpha-$
. [9] .
1 Riemann $(S, g)$ affine $\nabla$ , $\nabla^{*}$
, , $\pm 1$ -affine $(\theta, \eta)$ .
Riemann $\alpha=\pm 1$
. . ,
2 Riemann $(S, g)$ $(\theta, \eta)$ ,
(i) $\psi(\theta)$ , $\phi(\eta)$
$\psi(\theta)+\phi(\eta)-\theta^{i}\eta_{i}=0$ (36)
10
, , $\theta^{i}\eta_{i}=\sum_{i=1}^{k}\theta^{i}\eta;$ .
(ii) $(\theta, \eta)$ Fisher
$g_{ij}(\theta)=\partial_{i}\partial_{j}\psi(\theta)$ , $g^{ij}(\eta)=\partial^{i}\dot{\Psi}\phi(\eta)$ (37)
.
, $\theta^{i}=\partial^{i}\phi(\eta)$ , $\eta_{i}=\partial_{i}\psi(\theta)$ . (36) $\thetarightarrow$
$\eta$ Legendre . Legendre ,
Lagrange Hamilton ,
. , $\psi(\theta)$ $(-1)\cross$ .
2 . Riemann $S$ 2
$P(\theta_{P,\eta_{P})}$ , $Q(\theta_{Q,\eta_{Q})}$ . $P$ $Q$ \nabla -divergence
$D(P, Q)=\psi(\theta_{P})+\phi(\eta_{Q})-\theta_{P}^{i}\eta_{Qi}$ (38)
. , $D(P, Q)=\psi(\theta_{P})-\psi(\theta_{Q})-(\theta_{P}^{i}-\theta_{Q}^{i})\eta_{Qi}$ . ,
$D(P, Q)\geq 0$ , $P=Q$ . , $D(P, Q)=D(Q, P)$ 3
$D(P, Q)$ . 2
$\partial^{2}D(P, Q)/\partial\theta_{P}^{i}\partial\theta_{P}^{j}=g_{ij}(\theta_{P})$ . $P$ $Q$ $\theta_{Q}=\theta_{P}+d\theta_{P}$
$D(P, Q)= \frac{1}{2}gij(\theta_{P})d\theta_{P}^{i}d\theta_{P}^{j}+o(|d\theta_{P}|^{3})$ (39)
, Fisher . \nabla -divergence
, Pythagoras .
3 $\pm 1$ - , , $\nabla$- , $\nabla^{*}$- . 3 $P,$ $Q,$ $R$
$P$ $Q$ $\nabla$- $Q$ $R$ *- $Q$
$D(P, Q)+D(Q, R)=D(P, R)$ . (40)
$S$ $W$ -l-convex 2 $P_{1}$ , $P_{2}\in W$ $P_{1}$ $P_{2}$
$\nabla$- .
4 $S$ $W$ -l-convex $\partial W$ . ,
$W$ $P$ $W$ \nabla -divergence , $P$ $\nabla^{*}$ -
$\partial W$ .
1 $[$
, $p_{1}(x, \theta_{1})$ $p_{2}(x, \theta_{2})$
( ) Kullback-Leibler diver-
gence . $p_{1}(x, \theta_{1}),$ $p_{2}(x, \theta_{2})$ $S$ , , $P_{1},$ $P_{2}$
,
$K(P_{1}, P_{2})=E[\log(p_{1}.(x,\theta_{1})/p_{2}(x, \theta_{2}))]$ (41)




(exponential family) . Gauss
, Kullback-Leibler di-
vergence $K(P_{1}, P_{2})$ $\nabla$-divergence $D(P_{2}, P_{1})$ .-




I. $\theta$ $\eta=(\eta_{1}, \cdots, \eta_{k})$ , .
$\psi(\theta)$ .
II. , $S$ , $k=2m$ , Hamil-
ton , Euclid $R^{m}$ .
.




(i) , , Legendre




(ii) $\psi(\theta)$ K\"ahler , hyper K\"ahler
Einstein .
, , $\phi(\eta)$ Fubini-Study [10].
, Hitchin (1987) , K\"ahler Legendre
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